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to capture the structural and chemical features of the distinct
atomic configurations in the LiMO2 data set with up to 11
chemical species.

Figure 1(b) shows the equivalent analysis for the first-
principles energies and structures of 45 892 conformations
of the proteinogenic amino acids (five chemical species: H,
C, N, O, and S) and their complexes with the six divalent
cations Ba2+, Ca2+, Cd2+, Hg2+, Pb2+, and Sr2+ (a total of 11
chemical species) by Ropo, Schneider, Baldauf, and Blum [16]
based on DFT calculations (PBE+Tkatchenko-Scheffler–van
der Waals [46]) using the FHI-AIMS package [47]. This data set
was compiled specifically for the parametrization of atomic
potentials and thoroughly samples the relevant conformational
space [16], an important first step towards improved force
fields for proteins [48]. The high precision of the ANN
potentials with an RMSE of ∼3 meV/atom for 5 and 11
chemical species indicates that our combined descriptor is
not limited to crystal structures with similar atomic positions,
but is also suitable to distinguish between continuous atomic
arrangements.

To understand the significance of these observations, we
first describe the details of the structural and compositional
descriptor. We begin by expressing the atom-centered radial
and angular distribution functions of Eqs. (1) and (2) in terms of
discrete delta functions centered at the bond lengths between
atoms j and the central atom i, Rij = ||Rj − Ri ||, and the
bond angle θijk = ∠(Rj − Ri ,Rk − Ri):

RDFi(r) =
∑

Rj ∈ σ
Rc
i

δ(r − Rij ) fc(Rij ) wtj , (3)

ADFi(θ ) =
∑

Rj ,Rk∈ σ
Rc
i

δ(θ − θijk) fc(Rij ) fc(Rik) wtj wtk , (4)

where fc is a cutoff function that smoothly goes to zero at
Rc—in practice, we use fc(r) = 0.5[cos(r · π/Rc) − 1]. The
weights wtj and wtk are 1 for the structural descriptor {R}σ̃Rc

i

and take on species-dependent values for the compositional
descriptor {t}σ̃Rc

i . Here, we followed the (Ising-model) pseu-
dospin convention commonly used for lattice models [49],
i.e., wl = 0,± 1,± 2, . . . where 0 is omitted for even numbers
of species. For the expansions Eqs. (1) and (2) we choose a
complete orthonormal basis {φα}, i.e.,

∫
φαφβ = 1 if α = β

and 0 else. With this choice, the expansion coefficients are
given by

c(2)
α =

∑

Rj ∈ σ
Rc
i

φα(Rij ) fc(Rij ) wtj , (5)

c(3)
α =

∑

Rj ,Rk∈ σ
Rc
i

φα(θijk) fc(Rij ) fc(Rik) wtj wtk . (6)

A derivation of Eqs. (5) and (6) can be found in Ref. [38].
The expansions are truncated at finite radial and angular
orders N2 and N3 that determine the dimension (i.e., the
complexity) and the resolution of the descriptor, i.e., {R}σ̃Rc

i =
{{R}c(2)

1 , . . . ,{R}c(2)
N2

,{R}c(3)
1 , . . . ,{R}c(3)

N3
}.

For this paper, we employed the Chebyshev polynomials of
the first kind as basis functions (see Ref. [38]), as they can be
defined in terms of a recurrence relation that allows for highly
efficient numerical evaluation of the function values and their

FIG. 2. (a) Discrete atom-centered radial distribution function
(RDFi) for a lithium site in a structure with composition Li2MnNiO4

(black lines) and the cosine cutoff function fc for a cutoff radius of
Rc = 8 Å. (b) Convolution of the RDF of panel (a) with a Gaussian
function with a width of 0.2 Å (black line) and the reconstructed RDF
from a Chebyshev expansion with a radial order N2 = 50 (orange
line). (c) Same as panel (b), but with a Gaussian width of 0.1 Å and
an expansion order of N2 = 150.

derivatives. With this choice of basis functions, Fig. 2 shows
the RDF as reconstructed based on the structural expansion
coefficients {{R}c(2)

α } for two different orders (N2 = 50 and
150). From comparison with Gaussian convolutions of the
discrete RDF, the radial resolution of the expansion order N2 =
150 is around 0.1 Å. Atomic features on smaller scales may
affect the shape of the RDF but do not give rise to distinct
peaks. The expansion of the ADF is completely analogous.

We note that the radial and angular BP symmetry functions
[2,20] can be cast into the form of Eqs. (5) and (6) but are
neither orthogonal nor systematically refinable. The relation-
ship of our structural descriptor to the coefficients of a basis set
expansion is, in turn, closer in spirit to the SOAP method [3,21]
which is based on the power spectrum of the atomic density
of the local atomic environment. SOAP allows for a rigorous
and systematic description of the local structure, which comes
at the cost of an arithmetically (and computationally) more
complex formalism. However, by limiting the descriptor to
radial and angular contributions our method maintains the
simple analytic nature of the BP approach that allows for a
highly efficient numerical implementation and straightforward
differentiation (which is required for the calculation of analytic
forces and higher derivatives). Basing the radial and angular
descriptors on an expansion in a complete basis set allows their
systematic refinement in the spirit of the SOAP approach,
though our approach is limited to two- and three-body
interactions.

Also note that decomposing the local atomic environment
into n-body contributions as done in our structural descriptor
is an established and well-tested approach for lattice models
such as the cluster expansion (CE) method [50,51]. In CE
models, the total configurational energy is expanded in a
basis set consisting of site clusters (sisj . . .) with increasing
numbers of lattice sites sα , i.e., point clusters, pairs, trimers,
n-tuples, etc. The site clusters form a complete basis set, and
the configurational averages of all equivalent clusters (the
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but is also suitable to distinguish between continuous atomic
arrangements.
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first describe the details of the structural and compositional
descriptor. We begin by expressing the atom-centered radial
and angular distribution functions of Eqs. (1) and (2) in terms of
discrete delta functions centered at the bond lengths between
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i . Here, we followed the (Ising-model) pseu-
dospin convention commonly used for lattice models [49],
i.e., wl = 0,± 1,± 2, . . . where 0 is omitted for even numbers
of species. For the expansions Eqs. (1) and (2) we choose a
complete orthonormal basis {φα}, i.e.,

∫
φαφβ = 1 if α = β

and 0 else. With this choice, the expansion coefficients are
given by
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φα(Rij ) fc(Rij ) wtj , (5)
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φα(θijk) fc(Rij ) fc(Rik) wtj wtk . (6)

A derivation of Eqs. (5) and (6) can be found in Ref. [38].
The expansions are truncated at finite radial and angular
orders N2 and N3 that determine the dimension (i.e., the
complexity) and the resolution of the descriptor, i.e., {R}σ̃Rc

i =
{{R}c(2)

1 , . . . ,{R}c(2)
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1 , . . . ,{R}c(3)
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For this paper, we employed the Chebyshev polynomials of
the first kind as basis functions (see Ref. [38]), as they can be
defined in terms of a recurrence relation that allows for highly
efficient numerical evaluation of the function values and their

FIG. 2. (a) Discrete atom-centered radial distribution function
(RDFi) for a lithium site in a structure with composition Li2MnNiO4

(black lines) and the cosine cutoff function fc for a cutoff radius of
Rc = 8 Å. (b) Convolution of the RDF of panel (a) with a Gaussian
function with a width of 0.2 Å (black line) and the reconstructed RDF
from a Chebyshev expansion with a radial order N2 = 50 (orange
line). (c) Same as panel (b), but with a Gaussian width of 0.1 Å and
an expansion order of N2 = 150.

derivatives. With this choice of basis functions, Fig. 2 shows
the RDF as reconstructed based on the structural expansion
coefficients {{R}c(2)

α } for two different orders (N2 = 50 and
150). From comparison with Gaussian convolutions of the
discrete RDF, the radial resolution of the expansion order N2 =
150 is around 0.1 Å. Atomic features on smaller scales may
affect the shape of the RDF but do not give rise to distinct
peaks. The expansion of the ADF is completely analogous.

We note that the radial and angular BP symmetry functions
[2,20] can be cast into the form of Eqs. (5) and (6) but are
neither orthogonal nor systematically refinable. The relation-
ship of our structural descriptor to the coefficients of a basis set
expansion is, in turn, closer in spirit to the SOAP method [3,21]
which is based on the power spectrum of the atomic density
of the local atomic environment. SOAP allows for a rigorous
and systematic description of the local structure, which comes
at the cost of an arithmetically (and computationally) more
complex formalism. However, by limiting the descriptor to
radial and angular contributions our method maintains the
simple analytic nature of the BP approach that allows for a
highly efficient numerical implementation and straightforward
differentiation (which is required for the calculation of analytic
forces and higher derivatives). Basing the radial and angular
descriptors on an expansion in a complete basis set allows their
systematic refinement in the spirit of the SOAP approach,
though our approach is limited to two- and three-body
interactions.

Also note that decomposing the local atomic environment
into n-body contributions as done in our structural descriptor
is an established and well-tested approach for lattice models
such as the cluster expansion (CE) method [50,51]. In CE
models, the total configurational energy is expanded in a
basis set consisting of site clusters (sisj . . .) with increasing
numbers of lattice sites sα , i.e., point clusters, pairs, trimers,
n-tuples, etc. The site clusters form a complete basis set, and
the configurational averages of all equivalent clusters (the
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not limited to crystal structures with similar atomic positions,
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and angular distribution functions of Eqs. (1) and (2) in terms of
discrete delta functions centered at the bond lengths between
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given by
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FIG. 2. (a) Discrete atom-centered radial distribution function
(RDFi) for a lithium site in a structure with composition Li2MnNiO4

(black lines) and the cosine cutoff function fc for a cutoff radius of
Rc = 8 Å. (b) Convolution of the RDF of panel (a) with a Gaussian
function with a width of 0.2 Å (black line) and the reconstructed RDF
from a Chebyshev expansion with a radial order N2 = 50 (orange
line). (c) Same as panel (b), but with a Gaussian width of 0.1 Å and
an expansion order of N2 = 150.

derivatives. With this choice of basis functions, Fig. 2 shows
the RDF as reconstructed based on the structural expansion
coefficients {{R}c(2)

α } for two different orders (N2 = 50 and
150). From comparison with Gaussian convolutions of the
discrete RDF, the radial resolution of the expansion order N2 =
150 is around 0.1 Å. Atomic features on smaller scales may
affect the shape of the RDF but do not give rise to distinct
peaks. The expansion of the ADF is completely analogous.

We note that the radial and angular BP symmetry functions
[2,20] can be cast into the form of Eqs. (5) and (6) but are
neither orthogonal nor systematically refinable. The relation-
ship of our structural descriptor to the coefficients of a basis set
expansion is, in turn, closer in spirit to the SOAP method [3,21]
which is based on the power spectrum of the atomic density
of the local atomic environment. SOAP allows for a rigorous
and systematic description of the local structure, which comes
at the cost of an arithmetically (and computationally) more
complex formalism. However, by limiting the descriptor to
radial and angular contributions our method maintains the
simple analytic nature of the BP approach that allows for a
highly efficient numerical implementation and straightforward
differentiation (which is required for the calculation of analytic
forces and higher derivatives). Basing the radial and angular
descriptors on an expansion in a complete basis set allows their
systematic refinement in the spirit of the SOAP approach,
though our approach is limited to two- and three-body
interactions.

Also note that decomposing the local atomic environment
into n-body contributions as done in our structural descriptor
is an established and well-tested approach for lattice models
such as the cluster expansion (CE) method [50,51]. In CE
models, the total configurational energy is expanded in a
basis set consisting of site clusters (sisj . . .) with increasing
numbers of lattice sites sα , i.e., point clusters, pairs, trimers,
n-tuples, etc. The site clusters form a complete basis set, and
the configurational averages of all equivalent clusters (the
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temperature. It is possible to calculate physical properties without
empirical parameters in this method. We found that the calculated
enthalpy agrees well with the observed data and that the Bredig
transition temperature obtained in our calculation coincides with
the experimental values.

2. Material

Thorium dioxide has a cubic crystal structure, as shown in the
right panel of Fig. 1, with a lattice constant 5.592 Å [11]. Its structure
is equivalent to that of fluorite, whose space group is Fm3m. Th and
O atoms occupy the Wyckoff positions 4a and 8c, respectively. Its
melting point is 3651 K [12] which is higher than that of uranium
dioxide (3120 K).

In thorium dioxide, Th atom has no electron in outer-f-shell,
while uranium dioxide has two f-electrons. The localized f-elec-
trons in actinide atom usually influence thermal properties. For
instance, the enhancement in the heat capacity of plutonium di-
oxide is observed above 1000 K, due to the Schottky heat capacity
caused by the excitation of the localized f-electrons [13]. On the
other hand, thorium dioxide which has no f-electron does not yield
the Schottky heat capacity. Thus, we can ignore the effect of f-
electrons on thermal properties of thorium dioxide. In this paper,
we only have to consider the thermal properties caused by atomic
motions.

3. Methods

We perform first-principles molecular dynamics for 3 ! 3 ! 3
supercell of thorium dioxide which contains 108 Th atoms and 216
O atoms as seen in the left panel of Fig. 1. As a calculation package,
we adopt VASP [14] which supports density-functional theory
(DFT) with the PAW method [15]. As the exchange-correlation en-
ergy, local density approximation (LDA) [16] is used through all
calculations. In this material, it is known that LDA slightly un-
derestimates the lattice constant [17]. In our calculation, the ob-
tained lattice constant at 300 K (5.542 Å) is 0.9% smaller than the
experimental value. Recently, Szpunar et al. [17,18] reported that
another exchange-correlation energy, WC, predicted reasonable
lattice constant. For lattice constants calculated by DFT, however,
the error less than 1% is usually still acceptable.

For the electron density calculations, the energy cut-off is set to

500 MeV, and only G point is chosen as a k-point. For the molecular
dynamics, we adopt NPT simulation with Langevin thermostat and
Parrinello-Rahman barostat [19]. The friction coefficients for the
Langevin dynamics are fixed to 10 and 20 ps"1 for the atomic
motions and lattice constants, respectively. The mass for barostat is
set to 1000 atomic mass unit. We simulate the molecular dynamics
with time step 2 fs from 300 K to 4000 K until reaching equilibrium.
As a result, the simulation time spans become 3e8 ps, which
depend on temperature. Through the simulations, pressure is set to
naught, since atmospheric pressure (1 atm) is less than typical error
in the simulation of solid. Note that, in the simulation of the present
supercell size with periodic boundary condition, the system does
not melt and keep the superheating state even at 4000 K which
exceeds the melting point (3651 K) [20].

4. Results

4.1. Enthalpy

Enthalpy,H, is obtained through the equation,H¼ Eþ pV, where
E is internal energy, and p, V are pressure and volume, respectively.
In our simulation, enthalpy is equivalent to internal energy since
pressure is zero. Fig. 2 shows the calculated enthalpy. In this figure,
we compare our results to fitting equations obtained in
Refs. [21,22], and our result agrees well with both the equations.

As pointed out in Refs. [22,23], pre-melting phase transition, i.e.,
the Bredig transition, occurs around 3000 K (3090 K [23] or 2950 K
[22]). In our calculations, phase-transition-like behavior is found
around 3000 K. We fit the calculated enthalpy with linear functions
for the two temperature regions (T > 3100 K and T < 3000 K), and
the fit lines are shown in the inset of Fig. 2. The two fit lines have
clearly different slopes (85 J/mol$ K for T < 3000 K and 163 J/mol$ K
for T > 3100 K), and therefore the heat capacity, which is equivalent
to the slope of enthalpy, rapidly change around 3000 K. Thus, our
calculation exhibits the Bredig transition around 3000 K, which
agrees with experimental results.

4.2. Thermal expansion

We calculate linear thermal expansion,

DL=L0 ¼
aðTÞ " a0

a0
; (1)

Fig. 1. Crystal structure of thorium dioxide. Right panel shows the unit cell, and left
panel displays 3 ! 3 ! 3 supercell used in the present simulations. Large (blue) and
small (red) spheres denote Th and O atoms, respectively. (For interpretation of the
references to colour in this figure legend, the reader is referred to the web version of
this article.)
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temperature. It is possible to calculate physical properties without
empirical parameters in this method. We found that the calculated
enthalpy agrees well with the observed data and that the Bredig
transition temperature obtained in our calculation coincides with
the experimental values.

2. Material

Thorium dioxide has a cubic crystal structure, as shown in the
right panel of Fig. 1, with a lattice constant 5.592 Å [11]. Its structure
is equivalent to that of fluorite, whose space group is Fm3m. Th and
O atoms occupy the Wyckoff positions 4a and 8c, respectively. Its
melting point is 3651 K [12] which is higher than that of uranium
dioxide (3120 K).

In thorium dioxide, Th atom has no electron in outer-f-shell,
while uranium dioxide has two f-electrons. The localized f-elec-
trons in actinide atom usually influence thermal properties. For
instance, the enhancement in the heat capacity of plutonium di-
oxide is observed above 1000 K, due to the Schottky heat capacity
caused by the excitation of the localized f-electrons [13]. On the
other hand, thorium dioxide which has no f-electron does not yield
the Schottky heat capacity. Thus, we can ignore the effect of f-
electrons on thermal properties of thorium dioxide. In this paper,
we only have to consider the thermal properties caused by atomic
motions.

3. Methods

We perform first-principles molecular dynamics for 3 ! 3 ! 3
supercell of thorium dioxide which contains 108 Th atoms and 216
O atoms as seen in the left panel of Fig. 1. As a calculation package,
we adopt VASP [14] which supports density-functional theory
(DFT) with the PAW method [15]. As the exchange-correlation en-
ergy, local density approximation (LDA) [16] is used through all
calculations. In this material, it is known that LDA slightly un-
derestimates the lattice constant [17]. In our calculation, the ob-
tained lattice constant at 300 K (5.542 Å) is 0.9% smaller than the
experimental value. Recently, Szpunar et al. [17,18] reported that
another exchange-correlation energy, WC, predicted reasonable
lattice constant. For lattice constants calculated by DFT, however,
the error less than 1% is usually still acceptable.

For the electron density calculations, the energy cut-off is set to

500 MeV, and only G point is chosen as a k-point. For the molecular
dynamics, we adopt NPT simulation with Langevin thermostat and
Parrinello-Rahman barostat [19]. The friction coefficients for the
Langevin dynamics are fixed to 10 and 20 ps"1 for the atomic
motions and lattice constants, respectively. The mass for barostat is
set to 1000 atomic mass unit. We simulate the molecular dynamics
with time step 2 fs from 300 K to 4000 K until reaching equilibrium.
As a result, the simulation time spans become 3e8 ps, which
depend on temperature. Through the simulations, pressure is set to
naught, since atmospheric pressure (1 atm) is less than typical error
in the simulation of solid. Note that, in the simulation of the present
supercell size with periodic boundary condition, the system does
not melt and keep the superheating state even at 4000 K which
exceeds the melting point (3651 K) [20].

4. Results

4.1. Enthalpy

Enthalpy,H, is obtained through the equation,H¼ Eþ pV, where
E is internal energy, and p, V are pressure and volume, respectively.
In our simulation, enthalpy is equivalent to internal energy since
pressure is zero. Fig. 2 shows the calculated enthalpy. In this figure,
we compare our results to fitting equations obtained in
Refs. [21,22], and our result agrees well with both the equations.

As pointed out in Refs. [22,23], pre-melting phase transition, i.e.,
the Bredig transition, occurs around 3000 K (3090 K [23] or 2950 K
[22]). In our calculations, phase-transition-like behavior is found
around 3000 K. We fit the calculated enthalpy with linear functions
for the two temperature regions (T > 3100 K and T < 3000 K), and
the fit lines are shown in the inset of Fig. 2. The two fit lines have
clearly different slopes (85 J/mol$ K for T < 3000 K and 163 J/mol$ K
for T > 3100 K), and therefore the heat capacity, which is equivalent
to the slope of enthalpy, rapidly change around 3000 K. Thus, our
calculation exhibits the Bredig transition around 3000 K, which
agrees with experimental results.

4.2. Thermal expansion

We calculate linear thermal expansion,

DL=L0 ¼
aðTÞ " a0

a0
; (1)

Fig. 1. Crystal structure of thorium dioxide. Right panel shows the unit cell, and left
panel displays 3 ! 3 ! 3 supercell used in the present simulations. Large (blue) and
small (red) spheres denote Th and O atoms, respectively. (For interpretation of the
references to colour in this figure legend, the reader is referred to the web version of
this article.)
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Fig. 2. Calculated enthalpy as a function of temperature. Plots correspond to calculated
values, and curves stand for data from literature [21,22]. Inset shows a linear fit to
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temperature. It is possible to calculate physical properties without
empirical parameters in this method. We found that the calculated
enthalpy agrees well with the observed data and that the Bredig
transition temperature obtained in our calculation coincides with
the experimental values.

2. Material

Thorium dioxide has a cubic crystal structure, as shown in the
right panel of Fig. 1, with a lattice constant 5.592 Å [11]. Its structure
is equivalent to that of fluorite, whose space group is Fm3m. Th and
O atoms occupy the Wyckoff positions 4a and 8c, respectively. Its
melting point is 3651 K [12] which is higher than that of uranium
dioxide (3120 K).

In thorium dioxide, Th atom has no electron in outer-f-shell,
while uranium dioxide has two f-electrons. The localized f-elec-
trons in actinide atom usually influence thermal properties. For
instance, the enhancement in the heat capacity of plutonium di-
oxide is observed above 1000 K, due to the Schottky heat capacity
caused by the excitation of the localized f-electrons [13]. On the
other hand, thorium dioxide which has no f-electron does not yield
the Schottky heat capacity. Thus, we can ignore the effect of f-
electrons on thermal properties of thorium dioxide. In this paper,
we only have to consider the thermal properties caused by atomic
motions.

3. Methods

We perform first-principles molecular dynamics for 3 ! 3 ! 3
supercell of thorium dioxide which contains 108 Th atoms and 216
O atoms as seen in the left panel of Fig. 1. As a calculation package,
we adopt VASP [14] which supports density-functional theory
(DFT) with the PAW method [15]. As the exchange-correlation en-
ergy, local density approximation (LDA) [16] is used through all
calculations. In this material, it is known that LDA slightly un-
derestimates the lattice constant [17]. In our calculation, the ob-
tained lattice constant at 300 K (5.542 Å) is 0.9% smaller than the
experimental value. Recently, Szpunar et al. [17,18] reported that
another exchange-correlation energy, WC, predicted reasonable
lattice constant. For lattice constants calculated by DFT, however,
the error less than 1% is usually still acceptable.

For the electron density calculations, the energy cut-off is set to

500 MeV, and only G point is chosen as a k-point. For the molecular
dynamics, we adopt NPT simulation with Langevin thermostat and
Parrinello-Rahman barostat [19]. The friction coefficients for the
Langevin dynamics are fixed to 10 and 20 ps"1 for the atomic
motions and lattice constants, respectively. The mass for barostat is
set to 1000 atomic mass unit. We simulate the molecular dynamics
with time step 2 fs from 300 K to 4000 K until reaching equilibrium.
As a result, the simulation time spans become 3e8 ps, which
depend on temperature. Through the simulations, pressure is set to
naught, since atmospheric pressure (1 atm) is less than typical error
in the simulation of solid. Note that, in the simulation of the present
supercell size with periodic boundary condition, the system does
not melt and keep the superheating state even at 4000 K which
exceeds the melting point (3651 K) [20].

4. Results

4.1. Enthalpy

Enthalpy,H, is obtained through the equation,H¼ Eþ pV, where
E is internal energy, and p, V are pressure and volume, respectively.
In our simulation, enthalpy is equivalent to internal energy since
pressure is zero. Fig. 2 shows the calculated enthalpy. In this figure,
we compare our results to fitting equations obtained in
Refs. [21,22], and our result agrees well with both the equations.

As pointed out in Refs. [22,23], pre-melting phase transition, i.e.,
the Bredig transition, occurs around 3000 K (3090 K [23] or 2950 K
[22]). In our calculations, phase-transition-like behavior is found
around 3000 K. We fit the calculated enthalpy with linear functions
for the two temperature regions (T > 3100 K and T < 3000 K), and
the fit lines are shown in the inset of Fig. 2. The two fit lines have
clearly different slopes (85 J/mol$ K for T < 3000 K and 163 J/mol$ K
for T > 3100 K), and therefore the heat capacity, which is equivalent
to the slope of enthalpy, rapidly change around 3000 K. Thus, our
calculation exhibits the Bredig transition around 3000 K, which
agrees with experimental results.

4.2. Thermal expansion

We calculate linear thermal expansion,

DL=L0 ¼
aðTÞ " a0

a0
; (1)

Fig. 1. Crystal structure of thorium dioxide. Right panel shows the unit cell, and left
panel displays 3 ! 3 ! 3 supercell used in the present simulations. Large (blue) and
small (red) spheres denote Th and O atoms, respectively. (For interpretation of the
references to colour in this figure legend, the reader is referred to the web version of
this article.)
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Fig. 2. Calculated enthalpy as a function of temperature. Plots correspond to calculated
values, and curves stand for data from literature [21,22]. Inset shows a linear fit to
calculated values for T < 3000 K and that for T > 3100 K.
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where a(T) is a lattice constant at temperature T, a0 corresponds to a
lattice constant at room temperature. The calculated linear thermal
expansion is shown in Fig. 3. The lattice constant a is also shown in
the inset. As mentioned above, the calculated lattice constant is 1%
smaller than data from Ref. [24]. However, the linear thermal
expansion, DL/L0, agrees well with the data, which is available
below 2000 K. Distinct transition is not shown around 3000 K in
Fig. 3, though the Bredig transition should influence thermal
expansion. This is probably because the present scale of molecular
dynamics simulation is too small to exhibit a clear sign of the Bredig
transition in the thermal expansion.

4.3. Mean square displacement

Mean square displacement (MSD) is defined as

MSD ¼
D
½rðtÞ % rð0Þ&2

E
; (2)

where r(t) is the position of an atom at time t. To obtain accurate
MSD, we average MSD on the 5 time spans of 800 fs after equili-
bration. The calculated results are shown in Fig. 4. While MSD of O
approaches constant values below 3100 K, that of 3500 K linearly
increases after 400 fs. This indicates that O atoms are confined
below 3000 K and diffuse above 3500 K. On the other hand, Th
atoms are confined even above 3500 K. From this result, we expect
that the diffusive motion of O atoms causes the Bredig transition.

4.4. Pair distribution function

Fig. 5 shows the pair distribution functions (PDF) of O-O and Th-
Th pairs. At 1800 K, the second minimum of the O-O PDF ap-
proaches zero at r ¼ 3.3 Å, while, above 3100 K, the second mini-
mum almost disappears. On the other hand, the second minimum
of the Th-Th PDF is clear for all temperatures. This implies that O
atoms behave like liquid while Th atoms keep solid over 3000 K.
This issue coincides with the diffusive motion of O atoms
mentioned in the previous section.

5. Discussion

In our simulation, the Bredig transition occurs around 3000 K
which coincides with experiments. We have to point out that our
first-principles calculation has no adjustable parameter, unlike
most of classical molecular dynamics. Therefore, it is expected that

first-principles molecular dynamics are reliable enough to evaluate
thermal properties of nuclear fuel.

The mechanism of the Bredig transition is usually explained by
the Frenkel pair production or anion disorder [22,23]. In both ex-
planations, oxygen atoms hold the key to the transition. Thus, we
analyze motion of oxygen atoms in the simulation to investigate
mechanism of the Bredig transition. In Fig. 6 , we draw the trajec-
tories of atoms which are averaged between 200 fs to emphasize
their drifting motion and to reduce high-frequency thermal fluc-
tuations. At 1800 K, all atoms are confined in their original sites.
When temperature reaches the Bredig transition (3200 K), some of
oxygen atoms hop to neighbor sites. At 3500 K, most of oxygen
atoms move almost freely, while thorium atoms are still confined.
This behavior corresponds to the linear increase of MSD at 3500 K
as shown in Fig. 4(a). From these analyses, we can conclude that the
transition to superionic conductor occurs around 3000 K. In
explaining this oxygen diffusion, it is often expected that vacancies
and interstitial oxygens generated by the Frenkel pair production
move to other sites. In our simulation, however, most of moving
oxygens do not stay at interstitial sites. The observed oxygen mo-
tions imply that oxygen diffusion is caused by chain-reaction-like
diffusion: An oxygen atom moves into the nearest-neighbor site
and the nearest-neighbor oxygen moves to the next-nearest-
neighbor site.

We also analyze the atomic charge to investigate the relation
between oxygen diffusion and charge fluctuation. We calculated
atomic charge in a high-temperature (3700 K) snapshot. While the
obtained charge of each oxygen has similar value, large fluctuation
is observed in the charge of thorium atoms. This indicates that
some of thorium changes their valance from 4þ to 3þ . Though we
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Fig. 3. Linear thermal expansion as a function of temperature. Inset shows a lattice
constant a as a function of temperature. Plots correspond to calculated values, and a
curve stands for data from literature [24].
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where a(T) is a lattice constant at temperature T, a0 corresponds to a
lattice constant at room temperature. The calculated linear thermal
expansion is shown in Fig. 3. The lattice constant a is also shown in
the inset. As mentioned above, the calculated lattice constant is 1%
smaller than data from Ref. [24]. However, the linear thermal
expansion, DL/L0, agrees well with the data, which is available
below 2000 K. Distinct transition is not shown around 3000 K in
Fig. 3, though the Bredig transition should influence thermal
expansion. This is probably because the present scale of molecular
dynamics simulation is too small to exhibit a clear sign of the Bredig
transition in the thermal expansion.

4.3. Mean square displacement

Mean square displacement (MSD) is defined as

MSD ¼
D
½rðtÞ % rð0Þ&2

E
; (2)

where r(t) is the position of an atom at time t. To obtain accurate
MSD, we average MSD on the 5 time spans of 800 fs after equili-
bration. The calculated results are shown in Fig. 4. While MSD of O
approaches constant values below 3100 K, that of 3500 K linearly
increases after 400 fs. This indicates that O atoms are confined
below 3000 K and diffuse above 3500 K. On the other hand, Th
atoms are confined even above 3500 K. From this result, we expect
that the diffusive motion of O atoms causes the Bredig transition.

4.4. Pair distribution function

Fig. 5 shows the pair distribution functions (PDF) of O-O and Th-
Th pairs. At 1800 K, the second minimum of the O-O PDF ap-
proaches zero at r ¼ 3.3 Å, while, above 3100 K, the second mini-
mum almost disappears. On the other hand, the second minimum
of the Th-Th PDF is clear for all temperatures. This implies that O
atoms behave like liquid while Th atoms keep solid over 3000 K.
This issue coincides with the diffusive motion of O atoms
mentioned in the previous section.

5. Discussion

In our simulation, the Bredig transition occurs around 3000 K
which coincides with experiments. We have to point out that our
first-principles calculation has no adjustable parameter, unlike
most of classical molecular dynamics. Therefore, it is expected that

first-principles molecular dynamics are reliable enough to evaluate
thermal properties of nuclear fuel.

The mechanism of the Bredig transition is usually explained by
the Frenkel pair production or anion disorder [22,23]. In both ex-
planations, oxygen atoms hold the key to the transition. Thus, we
analyze motion of oxygen atoms in the simulation to investigate
mechanism of the Bredig transition. In Fig. 6 , we draw the trajec-
tories of atoms which are averaged between 200 fs to emphasize
their drifting motion and to reduce high-frequency thermal fluc-
tuations. At 1800 K, all atoms are confined in their original sites.
When temperature reaches the Bredig transition (3200 K), some of
oxygen atoms hop to neighbor sites. At 3500 K, most of oxygen
atoms move almost freely, while thorium atoms are still confined.
This behavior corresponds to the linear increase of MSD at 3500 K
as shown in Fig. 4(a). From these analyses, we can conclude that the
transition to superionic conductor occurs around 3000 K. In
explaining this oxygen diffusion, it is often expected that vacancies
and interstitial oxygens generated by the Frenkel pair production
move to other sites. In our simulation, however, most of moving
oxygens do not stay at interstitial sites. The observed oxygen mo-
tions imply that oxygen diffusion is caused by chain-reaction-like
diffusion: An oxygen atom moves into the nearest-neighbor site
and the nearest-neighbor oxygen moves to the next-nearest-
neighbor site.

We also analyze the atomic charge to investigate the relation
between oxygen diffusion and charge fluctuation. We calculated
atomic charge in a high-temperature (3700 K) snapshot. While the
obtained charge of each oxygen has similar value, large fluctuation
is observed in the charge of thorium atoms. This indicates that
some of thorium changes their valance from 4þ to 3þ . Though we
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where a(T) is a lattice constant at temperature T, a0 corresponds to a
lattice constant at room temperature. The calculated linear thermal
expansion is shown in Fig. 3. The lattice constant a is also shown in
the inset. As mentioned above, the calculated lattice constant is 1%
smaller than data from Ref. [24]. However, the linear thermal
expansion, DL/L0, agrees well with the data, which is available
below 2000 K. Distinct transition is not shown around 3000 K in
Fig. 3, though the Bredig transition should influence thermal
expansion. This is probably because the present scale of molecular
dynamics simulation is too small to exhibit a clear sign of the Bredig
transition in the thermal expansion.

4.3. Mean square displacement

Mean square displacement (MSD) is defined as

MSD ¼
D
½rðtÞ % rð0Þ&2

E
; (2)

where r(t) is the position of an atom at time t. To obtain accurate
MSD, we average MSD on the 5 time spans of 800 fs after equili-
bration. The calculated results are shown in Fig. 4. While MSD of O
approaches constant values below 3100 K, that of 3500 K linearly
increases after 400 fs. This indicates that O atoms are confined
below 3000 K and diffuse above 3500 K. On the other hand, Th
atoms are confined even above 3500 K. From this result, we expect
that the diffusive motion of O atoms causes the Bredig transition.

4.4. Pair distribution function

Fig. 5 shows the pair distribution functions (PDF) of O-O and Th-
Th pairs. At 1800 K, the second minimum of the O-O PDF ap-
proaches zero at r ¼ 3.3 Å, while, above 3100 K, the second mini-
mum almost disappears. On the other hand, the second minimum
of the Th-Th PDF is clear for all temperatures. This implies that O
atoms behave like liquid while Th atoms keep solid over 3000 K.
This issue coincides with the diffusive motion of O atoms
mentioned in the previous section.

5. Discussion

In our simulation, the Bredig transition occurs around 3000 K
which coincides with experiments. We have to point out that our
first-principles calculation has no adjustable parameter, unlike
most of classical molecular dynamics. Therefore, it is expected that

first-principles molecular dynamics are reliable enough to evaluate
thermal properties of nuclear fuel.

The mechanism of the Bredig transition is usually explained by
the Frenkel pair production or anion disorder [22,23]. In both ex-
planations, oxygen atoms hold the key to the transition. Thus, we
analyze motion of oxygen atoms in the simulation to investigate
mechanism of the Bredig transition. In Fig. 6 , we draw the trajec-
tories of atoms which are averaged between 200 fs to emphasize
their drifting motion and to reduce high-frequency thermal fluc-
tuations. At 1800 K, all atoms are confined in their original sites.
When temperature reaches the Bredig transition (3200 K), some of
oxygen atoms hop to neighbor sites. At 3500 K, most of oxygen
atoms move almost freely, while thorium atoms are still confined.
This behavior corresponds to the linear increase of MSD at 3500 K
as shown in Fig. 4(a). From these analyses, we can conclude that the
transition to superionic conductor occurs around 3000 K. In
explaining this oxygen diffusion, it is often expected that vacancies
and interstitial oxygens generated by the Frenkel pair production
move to other sites. In our simulation, however, most of moving
oxygens do not stay at interstitial sites. The observed oxygen mo-
tions imply that oxygen diffusion is caused by chain-reaction-like
diffusion: An oxygen atom moves into the nearest-neighbor site
and the nearest-neighbor oxygen moves to the next-nearest-
neighbor site.

We also analyze the atomic charge to investigate the relation
between oxygen diffusion and charge fluctuation. We calculated
atomic charge in a high-temperature (3700 K) snapshot. While the
obtained charge of each oxygen has similar value, large fluctuation
is observed in the charge of thorium atoms. This indicates that
some of thorium changes their valance from 4þ to 3þ . Though we
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where a(T) is a lattice constant at temperature T, a0 corresponds to a
lattice constant at room temperature. The calculated linear thermal
expansion is shown in Fig. 3. The lattice constant a is also shown in
the inset. As mentioned above, the calculated lattice constant is 1%
smaller than data from Ref. [24]. However, the linear thermal
expansion, DL/L0, agrees well with the data, which is available
below 2000 K. Distinct transition is not shown around 3000 K in
Fig. 3, though the Bredig transition should influence thermal
expansion. This is probably because the present scale of molecular
dynamics simulation is too small to exhibit a clear sign of the Bredig
transition in the thermal expansion.

4.3. Mean square displacement

Mean square displacement (MSD) is defined as

MSD ¼
D
½rðtÞ % rð0Þ&2

E
; (2)

where r(t) is the position of an atom at time t. To obtain accurate
MSD, we average MSD on the 5 time spans of 800 fs after equili-
bration. The calculated results are shown in Fig. 4. While MSD of O
approaches constant values below 3100 K, that of 3500 K linearly
increases after 400 fs. This indicates that O atoms are confined
below 3000 K and diffuse above 3500 K. On the other hand, Th
atoms are confined even above 3500 K. From this result, we expect
that the diffusive motion of O atoms causes the Bredig transition.

4.4. Pair distribution function

Fig. 5 shows the pair distribution functions (PDF) of O-O and Th-
Th pairs. At 1800 K, the second minimum of the O-O PDF ap-
proaches zero at r ¼ 3.3 Å, while, above 3100 K, the second mini-
mum almost disappears. On the other hand, the second minimum
of the Th-Th PDF is clear for all temperatures. This implies that O
atoms behave like liquid while Th atoms keep solid over 3000 K.
This issue coincides with the diffusive motion of O atoms
mentioned in the previous section.

5. Discussion

In our simulation, the Bredig transition occurs around 3000 K
which coincides with experiments. We have to point out that our
first-principles calculation has no adjustable parameter, unlike
most of classical molecular dynamics. Therefore, it is expected that

first-principles molecular dynamics are reliable enough to evaluate
thermal properties of nuclear fuel.

The mechanism of the Bredig transition is usually explained by
the Frenkel pair production or anion disorder [22,23]. In both ex-
planations, oxygen atoms hold the key to the transition. Thus, we
analyze motion of oxygen atoms in the simulation to investigate
mechanism of the Bredig transition. In Fig. 6 , we draw the trajec-
tories of atoms which are averaged between 200 fs to emphasize
their drifting motion and to reduce high-frequency thermal fluc-
tuations. At 1800 K, all atoms are confined in their original sites.
When temperature reaches the Bredig transition (3200 K), some of
oxygen atoms hop to neighbor sites. At 3500 K, most of oxygen
atoms move almost freely, while thorium atoms are still confined.
This behavior corresponds to the linear increase of MSD at 3500 K
as shown in Fig. 4(a). From these analyses, we can conclude that the
transition to superionic conductor occurs around 3000 K. In
explaining this oxygen diffusion, it is often expected that vacancies
and interstitial oxygens generated by the Frenkel pair production
move to other sites. In our simulation, however, most of moving
oxygens do not stay at interstitial sites. The observed oxygen mo-
tions imply that oxygen diffusion is caused by chain-reaction-like
diffusion: An oxygen atom moves into the nearest-neighbor site
and the nearest-neighbor oxygen moves to the next-nearest-
neighbor site.

We also analyze the atomic charge to investigate the relation
between oxygen diffusion and charge fluctuation. We calculated
atomic charge in a high-temperature (3700 K) snapshot. While the
obtained charge of each oxygen has similar value, large fluctuation
is observed in the charge of thorium atoms. This indicates that
some of thorium changes their valance from 4þ to 3þ . Though we
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